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Abstract 

We study the hnking numbers in a rational homology 3-sphere and in the infinite cyclic 
cover of the complement of a knot. They take values in Q and in Q(Z[t, t^^]) respectively, 
where denotes the quotient field of Z[t,t~^]. It is known that the modulo-Z 

linking number in the rational homology 3-sphere is determined by the linking matrix 
of the framed link and that the modulo-Z[t, linking number in the infinite cyclic 
cover of the complement of a knot is determined by the Seifert matrix of the knot. We 
eliminate 'modulo Z' and 'modulo Z[t, t~^y. When the finite cyclic cover of the 3-sphere 
branched over a knot is a rational homology 3-sphere, the linking number of a pair in 
the preimage of a link in the 3-sphere is determined by the Goeritz/Seifert matrix of 
the knot. 
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Introduction 



Let i^' U i^i U ■ ■ ■ U Km (m > 1) be an oriented (m + l)-component link in the three sphere 
S^. If the hnking number lk(i^', Ki) is even for any i{= 1, m), then there is an unoriented, 
possibly nonorientable surface F bounded by K disjoint from i^i U • • ■ U Km- Let Gq be the 
Goeritz matrix [Q, with respect to a basis a = (ai, ...,an) of Hi{F), i.e., the (z, j)-entry 
of Ga is equal to lk(aj,raj), where raj is a 1-cycle in ~ F obtained by pushing off 2a j 
into both normal directions.^] Let Va{Ki) = (lk(i^'j, ai), lk(i^'j, a„)). For i,j (1 < i,j < m, 
possibly i = j) we define 

Xf{K,,K,) = Va{Ki)G-'Va{K,f, 

and XpiKi, Kj) = for a 2-disk F. Note that X^lKi, Kj) = Xp^Kj^Ki). The number 
Xpi^Ki, Kj) is independent of the choice of a basis and S'*-equivalence calss of F in 5*^ — {Ki U 
Kj) (Proposition 2.1), and if i = j it is an invariant of links (Corollary 2.4). 

If lk{K,Ki) = for any i{= 1, ...,m), then there is a Seifert surface F of K with F fl 
{Ki U ■ ■ • U Km) = 0- Let Ma be the Seifert matrix with respect to a basis a = (ai, a„), 
i.e., rriij = lk(a^,aj)(= lk(aj,aj)), where af means a curve that is obtained by pushing off 
into ±-direction. Let Ga,uj be a Hernitean matrix (1 — uJ)Ma + (1 — u;)Mj, where uj{^ 1) 
is a root of unity different from a root of the Alexander polynomial of K. Since Ga,Lj = 
{uj — l)(pMa — MJ), Ga^uj is nonsingular. For i,j (1 < i,j < m, possibly i = j) we define 

Xp{K„K^;u;) = Va{K,)G-lVa{Kjf , 

and XpiKi, Kj; u) = for a 2-disk F. Let G«(t) = tM^ - Mj. Then we define 

XF{Ki,Kj){t) = Va{K,)Ga{tr'Va{Kjf, 

and XpiKi, Kj){t) = for a 2-disk F. Let Mp ^ be a (p — l)n x (p — l)n matrix defined by 



[ Ma + Ml -Ml 
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"iaj can be thought as the double cover of aj lying in the boundary of the regular neighborhood of F. 
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where O is the n x n zero matrix. Note that Mp^a is a presentation matrix of the first 
homology group of the p-fold cychc cover of branched over K 0. Let Vp,^{Ki) = 
(0(fc_i)„, 0(p_A:_i)„), where 0/ is the 1 x I zero vector. When Mp ^ is nonsingular, 

i.e., the p-fold cychc cover of branched over is a rational homology 3-sphere, we define 

and \f^\Ki, Kj) = for a 2-disk F. Note that Xp^Ki, Kj- u) = XpiKj, Kf, uj), \f^\Ki, Kj) = 
Xp'''\Kj, Ki), and Xp{Ki, Kj){t) is equal to Xp{Kj, Ki){t^^) up to multiphcation by a unit of 
'L\t,t~^]. We shah show that Xp{Ki, Kj;uj), Xp{Ki, Kj){t) and Xp'''\Ki, Kj) are independent 
of the choice of basis and S'-equivalence class of F in S''^ — {Ki U Kj) (Proposition 3.1), and 
if i = j then Xp{Ki, Ki;uj) and Xp{Ki, Ki){t) are invariants for links (Corollary 4.2). The 
definitions of Xp{Ki, Kj) etc. were given by Y.W. Lee [Q. But his definitions require 



some additional condition. We make his definitions more general. 

Let M be a rational homology 3-sphere and Ki U K2 a 2-component oriented link in M. 
Then there is a 2-chain F in M such that F bounds cKi, where cKi is a disjoint union of c 
copies of Ki in a small neighborhood of Ki. We define 

c 

where F ■ K2 is the intersection number of F and K2 It is known that this linking 

number is well-defined and IkM^Ki, K2) = lkjv/(-f^2, -^i)- Note that Ik^s is as same as the 
linking number Ik in the usual sense. 

Let S" be a 3-manifold with the boundary composed of some tori. Let S*^ and Sg be 
3-manifold obtained from S by Dehn fillings with respect to systems of curves fi and 6 on 
dS respectively. Suppose that both and Ss are rational homology 3-spheres. In Section 
1, we show that the difference of the linking number Ik^^ — Ikg^ is determined by a matrix 
obtained from /i and 6 (Theorem 1.1). It generalizes a result of J. Hoste proved for integral 
homology 3-spheres. As a corollary, for a rational homology 3-sphere M obtained by Dehn 
surgery along a framed link in 5''^, we obtain that the linking number Ikjv/ is determined by the 
linking matrix of the framed link (Corollary 1.2). It is known that the linking number modulo 
Z is obtained via the matrix; see ^ for example. Our results does not require 'modulo Z'. 



In sectins 2 and 3 we show that, for a 3-component hnk K U Ki U K2 with lk{K, Ki) 
even (resp. = 0), Ikxal-ft'jfc, -ft^jz) (resp. \]<.Xp{Kik, Kji)) is determined by XpiKi.Kj) (resp. 
X^p'''\Ki, Kj)) (Theorems 2.3 and 3.2), where Xp is the p-fold cychc cover of branched over 

and Kik{c. Xp) is a component of the preimage of Ki. 

Let Xqo be the infinite cychc cover of the complement of a knot and r a covering translation 
that shifts X^o along the positive direction with respect to the knot. Let Ki U K2 be a 2- 
component oriented link in X^o with r*fCi = for any i E'L. Note that there is a 2-chain 
F in such that 

aF= |Jc,.r^iri, 

fcez 

where c^'s are integers. Then we define 

Since H2{Xoo]'Z) = 0, this is well-defined. We do not need to treat this linking pairing 
up to modulo Z[t,t-^]. Note that \kx^iTKi,Kj) = ikxA^i.T-^Kj) = tlkx^iKi, Kj). For a 
parallel copy K'^ of with lk(i^'j, K'-) = 0, the linking pairing lkx^{Ki, K'^ is called Kojima- 
Yamazaki's rj-function r]{K, Kf, t) ||11|| . 

In Section 4 we show that, for a 3-component link K U Ki U K2 with lk(i^', K.,) = 0, 
\kx^{Kij:, Kji) is determined by XplKi, Kj)(t) (Therem 4.1). This means the linking pairing 
is obtained via the Seifert matrix of K. It is known that the linking pairing modulo Z[t,t~^] 
is determined by the matrix JTU|, |]T5[, [^]. Our result does not require 'modulo Z[t,t^^]\ 
As a corollary we have that (1 — t)XF{Ki, Ki){t) is equal to Kojima-Yamasaki's //-function 
ri{K, Kf, t) and that (1 — t)XF{Ki, K2){t) + lk(i^i, K2) is a topological concordance invariant 
of K U Ki U K2 up to multiplication by t^". 

1. Rational homology 3-sphere 

Let S' be a 3-manifold with a boundary composed of n tori, T^,T2, ■■■,T^- Suppose that 
/i = (/ii,/i2, ■■■,fJ'n)^ and 6 = {61,62, ...,5„)^ are two systems of curves (written as columns), 
fii, 6i C Tf, such that the intersection number ■ 6i = qi ^ 0. Furthermore we suppose that 
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fi and 6 represent two bases of Hi{S]Q). This condition can be restated as: Dehn fillings of 
S with respect to /i and 6 give rational homology spheres S"^ and Ss respectively. Since fj, 
and 6 represent two bases [fi] = {[fii], [^12], [f^nW and [6] = {[61], [62], [5„])^of Hi{S]Q), 
there is an n x n-matrix B = (hij) changing the basis, which is an invertible matrix with 
rational coefficients such that 5j = YTj=i^ijt^j shortly [5\ = B[fi] (and [fi] = Let 
Ji (resp. Ji) be the core of a solid torus attached to in (resp. Ss). Let G = (gij) be 
an n X n-matrix with Qij = lk5^(Jj, Jj) for i j and Qi^i = ba/qi. Note that ba/qi is a Dehn 
surgery coefficient used to change to Ss- In particular [6i — bufii] is zero in Hi{Sf^ — Jf, Q). 
We call G = [gij) a surgery-linking matrix from S^ to Ss- We can consider the surgery- linking 
matrix H = (hij) from Ss to S*^ in an analogous manner, i.e., hij = \ksg{Ji, Jj) for i 7^ j and 
ha = bii/{—qi), where bij is the (z, j)-entry of B^^. Note that qi = fii ■ 6i = —6i ■ fii- Let Q be 
a diagonal matrix with gjj = gj. Then we have the following theorem. 

Theorem 1.1. 

(1) B = QG and B'^ = -QH. 

(2) For a two component oriented link Ki U K2 in S , 

\ks,{K,,K2)-\ks^{K,,K2) 

= -{Iks^iK,, Ji), lk5,(Ki, J„))G-\\ks^{K2, Ji), lks^{K2, Jn))^- 

In Theorem 1.1(2), the case that both 5^ and 5*^ are integral homology 3-spheres was 
shown by J. Hoste 0. 

Before proving Theorem 1.1, we formulate a useful corollary. Let Ji U • ■ ■ U J„ be an 
n-component oriented link in S^ - We say that Ji U ■ ■ ■ U J„ is a {rational) framed link if every 
component Jj is equipped with a rational number Pi/qi with Pi-,qi G Z. Let Ni be a small 
neighborhood of Ji in S^ such that Ni r\ Nj = ^ for i ^ j- Let be a meridian of A'^j with 
lk(mj, Ji) = 1 and k a longitude that is null-homologous in S^ — Ji- Then we obtaine a new 
3- manifold M in the following way: Remove the interiors of the tori A^^i, Nn from S^, attach 
2-handles Df x [0, 1], -.,Dl x [0, 1] so that [dDi] = Pi[mi] + qi[li] E Hi{dNi) {i = 1, ...,n), and 
cap off it with 3-balls. We say that M is obtained by Dehn surgery along the (rational) framed 
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link Ji U • • • U J„. Let G = (gij) be the linking matrix oi the framed hnk, i.e., gij — lk53( Jj, Jj) 
if i j and gu = Pi/qi- Since G is a surgery-hnking matrix from to M, by Theorem 1.1(2), 
we have the following corollary. 

Corollary 1.2. Let M be a rational homology 3-sphere obtained by Dehn surgery along a 
rational framed, oriented link Ji U • • • U J„ in . Let G be the linking matrix of the framed 
link. Then for a 2-component oriented link Ki U K2 in the complement of the framed link, 

\kMiKi,K2)-lks4Ki,K2) 

= -(lk53(Xi, Ji), ...,lk53(Xi, Jn))G-\lkssiK2, Jl), ...,lkss{K2, Jn)f. □ 



Proof of Theorem 1.1. (1) By the definitions of G and H, we have bu — q^gu and 
bii — —qiKi. We may assume i ^ j. Since [S] — B[ii\, each dSi is homologous to dY^^=i biklJ'k 
in S for some integer d. This implies \ks^{5i, Jj) — ^ks^{Y^2=i ^iklJ'k, Jj) — bij. Meanwhile 5i 
is homologous to g^Jj in the solid torus attached since ■ 6i = qi. Therefore \ks^{Si, Jj) = 
lksi^{qiJi, Jj) = qig-ij- Notice that 6i- fii = —fii ■ 6i = —q-i. By the same arguments as in above, 
we have hij = lk5,(X;Li ^ikh, Jj) = lk5«(/ii, ^0 = \ks,{-qiJi, Jj) = -qiKj. 

(2) Since dKk is homologous to <i ^"=1 lks^(-^fc, Ji)lJ^i in S for some integer d, there is a 
2-chain in S that realizes the homologous above. This implies that 

\ks,{K^,K2)-^^^ = lk5J J]lk5,(i^l,J0A^i,i^2 



lk5, ( 2]]lk5^(/s:i, Ji)/Xi,^lk5^(ii'2,^j)Aij 

J=i i=i 

n n 

Y E 1^5, (i^l, Ji)l^S, {K2, Jj)lks, {fii, flj) 

i=l j=l 



and 



\ks^{K^,K2)-^^^^ = \ks^{J2^ks^iKi,Ji)fii,K2 



n 



Iks^ ( E ^^S^(^l, Ji)l^i, E lk5^(^2, 

0, 
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where \ksg{ni, iii) and \ks^{nii /li) mean the hnking numbers of /li and a parallel copy of /li in 
Tj. Hence we have 

n n 

\],s,{K,,K^)-\\,s,{K,,K^) = 5^5^1k5,(iri, J,)lkc.^(K2, J,)lks,(/.,,/.,). 

i=i j=i 

Since /Xj is homologous to —QiJi in the solid torus attached to and since dfi-i is homologous 
to dYJl^^hik^k in for some integer rf, \]<.Ss{l^i, ^^j) = lkss{-qiJi, -qjJj) = qiQjhij for i ^ j 
and \ksg{fj,i, iii) = lk5^(-gi Jj, ^jfe^it) = -gjJ'n = gigi/ijj- So we have \ksg{iJ,i, i^j) = gig^/iij 
for any Theorem 1.1(1) completes the proof. □ 

Remark 1.3. In Theorem 1.1(1), the assumption that both [/i] and [S] are bases of 
Hi{S; Q) is not necessarily needed. We can obtain the same result if [jj] and [6] are bases of 
the same subspace of Hi{S; Q). 

Remcirk 1.4. (a) Let Ki U ^2 be a 2-component oriented link in an oriented manifold 
M each of which component represents an element in Tori?i(M). For a 2-chain F in M with 
dF — cKi, we define 

c 

Since [K2] is in TorHi{M), {c'F U (-cF')) ■ K2 = for any 2-chain F' with dF' = c'Ki. This 
implies that Ik^ is well-defined. 

(b) Let M be an oriented 3- manifold. We define a function mul: Hi{M) — > Z as follows: 
For an element a e ifi(M), let mul (a) be the greatest common divisor of the integers in 
{a • F|F is a 2-cycle in M}. We put mul(a)=0 if a • F = for any F. Set T{H^{M)) = {a e 
Hi{M)\mv\{a) = 0}. Note that Tor(i7i(M)) C T{Hi{M)) for any M and that Tor(i7i(M)) ^ 
T{Hi{M)) for some M, e.g. M = x x [0, 1]. Moreover, we note that, for a compact 
3-manifold M, T{Hi{M)) = Hi{M) if and only if M can be embedded in a rational homology 
3-sphere. Let KVJKi be a 2-component oriented link in M such that Ki represents an element 
in Tor(i?i(M)), and let c = |Tor(i?i(M))|. For a 2-chain F in M with dF = cKi, we define 

LM(i^i; K) = F-K2 (mod mul([i^])). 
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Since {F U ■ K is divisible by mn\{[K]) for any 2-chain F' with dF' = cKi, Lm{ ; K) is 

well-defined. In the case that [K] G T{Hi{M)), that is mul([i^]) = 0, we may delete 'modulo 
mn\{[K]y from the definition above. If [K] G Tor(ifi(M)), then Lm{Ki; K)/c = Ikif (i^i, K). 
□ 



Remark 1.5. R.H. Kyle [jT2[ showed that any symmetric integral matrix is congruent to 



a block sum of a nonsingular matrix and a zero matrix by integral unimodular matrix. This 
guarantees that any closed oriented 3-manifold M is obtained by Dehn surgery along a framed 
link Ji U ■ ■ • U t/„ U J( U ■ ■ • U t/^ in 5^ of which the linking matrix is a block sum of a nonsingular 
matrix B and a zero matrix O, where B (resp. O) is the linking matrix of Ji U • ■ ■ U J„ (resp. 
J( U ■ • • U J^). By the arguments similar to that in proof of Theorem 1.1(2), we have the 
following: For a 2-component oriented link Ki U K2 in S''^ — Ji U ■ ■ ■ U J„ U J( U • ■ ■ U each 
of which component represents an element in TotHi{M), 

= -{Iks^iK,, Ji), Iks^K,, J^))B-\lkss{K2, Ji), \kss{K2, Jn)f.a 
2. Double branched cover of 

Let KiU KiU ■ ■ ■ U Km be an (m + l)-component oriented link and F and F' unoriented 
surfaces bounded by K without intersecting i^'i U ■ ■ ■ U Km- These two surfaces are S*- 
equivalent rel. KiU- ■ - UKm if they are transposed into each other by the following operations; 
(1) attaching a half twisted band locally, (2) attaching a hollow 1-handle (1-surgery), and (3) 
deleting a hollow 1-handle (0-surgery), where these operations can be done in the complement 

of i^i U ■ ■ ■ U Km. 



By the argument similar to that in the proof of Theorem 1 in we have the following. 

Proposition 2.1. Let KU KiU ■ ■ - U Km {m > 1) be an oriented {m + l)-component link 
with the linking number lk{K,Ki) even for any i{= l,...,m). Let F and F' be unoriented, 
possibly nonorientable surfaces bounded by K without intersecting to KiU ■ ■ ■ U Km- If F and 
F' are S* -equivalent rel. Ki U Kj, then XplKi, Kj) = Xp'iKi, Kj) . 

This theorem implies that XplKi, Kj) is independent of the choice of a basis of Hi{F). 
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Remarks 2.2. (1) Let K U KiU K2 be a split sum of a trivial knot K and the Hopf link 
K1UK2. Let F be a Seifert surface of K as illustrated in Figure 1 and D a disk bounded by K 
with Dn{KiUK2) = 0. Then Xf{Ki, K2) ^ Xd{Ki, K2). It follows from Proposition 2.1 that 
F and D are not S'*-equivalence rel. Ki U K2- On the other hand, M. Saito [|19[ showed that, 
for an oriented 2-component link K U Ki with lk(fr, Ki) even, any two unoriented surfaces 
bounded by K without intersecting Ki are S'*-equivalent rel. Ki. 

(2) In the next section, we will define ^-equivalence, which is an orientable version of S*- 
equivalence, rel. Ki U K2 for Seifert surfaces for in S''^ \ {Ki U As a special case of p!6| . 
Lemma 4] or |]^, 4.1.5 Proposition], we have that two Seifert surfaces for K in S^\{Ki\JK2) are 
S'-equivalent rel Ki U K2 if and only if they are homologous in H2{S^ \ {Ki U K2), dN{K); Z), 
where N{K) is a regular neighborhood of i^T in \ {Ki U K2). □ 




Proof of Proposition 2.1. Let (3 be an another basis of Hi{F). Then there is an 
unimodular matrix P such that j3 = aP, Gp = P^G^P, Vp{Ki) = Va{Ki)P and Vf^i^Kj)'^ = 
P^V^{Kjf. Thus we have 

Vp{K,)G-,%{K,f = V^{K,)PP-'G^\P^)-'P^V^{K,f = V^{K,)G-'V^{K,f . 



We may assume that F' is obtained from F by attaching a half twisted band or by attaching 
a hollow 1-handle. 

In the case that F' is obtained from F by attching a half twisted band. Let a be a cycle 
as illustrated in Figure 2. Let a be a basis of Hi{F) and /? = (a, a) a basis of Hi{F'). Then 
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we have 



G, 



/ ±1 


V 



Got 



0\ 



Vp{Ki) = {0,Vo,{Kij) and Vp{Kj) = {0,V^{Kj)). Thus we have 

Vp{K,)G/Vp{K,f = v^{k;)G-'v^{k,Y. 

Suppose that F' is obtained from F by attching a hollow 1-handle. Let a and h be cycles 
as illustrated in Figure 3. Let a be a basis of Hi{F) and /? = {a,b,a) a basis Hi{F'). Then 
we have 



G, 



/ 1 

1 X Xi 

xi 



\ 



v 



Xr. 



J 



Vp{Ki) = (0, lk{Ki, b), VaiK,)) and V(i{Kj) = (0, lk(irj, b), VaiKj)). Then it is not hard to see 
that there are unimodular matrices P and Q such that 



PGfsQ 



/ 1 ■■■ \ 

1 ■■■ 



: : Ga 





Vf3{Ki)Q = Vp{Ki) and PVp{Kjf = V(^{Kjf. Thus we have 

Vf,{K,)G-,%{K,f = Vf,{K,){PGf,Q)-%{K,f = V^{Ki)G~W^{K, 



This completes the proof. □ 



^ a 




F' 



Figure 2 
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a 




F F' 
Figure 3 



Let K VJ KiVJ K2 be an oriented 3-component link with lk(i^, Kj) even {i = 1,2). Let 
F be an unoriented surface bounded by K without intersecting Ki U • According to the 
construction by S. Akbuh and R. Kirby |[l|], we may assume that the double cover X2 of 
branched over K is obtained from two copies Mi and M2 of S^-cut-along-F by gluing each 
other along their boundaries suitably. Let Kik and {k = 1, 2) be the preimages in of 
Ki and K2, respectively. 

Theorem 2.3. For any i, j, k,l {{i,k) 7^ {jj)), 

\kx,{K^k,K,l) - (1 - 6i,)6MHKi,K,) = i-lY^'XpiK^Kj), 
where lk{Ki,Ki) = 0. 

We note that Ikx^iKu, Ki2) = Xpi^i, Ki) for each i and |lkx2(-^ii, -ft'2i)-lkx2(-^ii5 -^22)! = 
\\kx2{Ki2, K21) - Ikx2(i^i2, -^^22)1 = |2Air(i^i, K2) - \k{Ki, K2)\. Since Ki^s are the preimage 
of Ki, we have the following corollary. 

Corollary 2.4. Both Xf{K^, Ki) {i = 1,2) and \2Xf{Ki, K2) - lk(i^'i, 7^2)! are invariants 
oi KUK1UK2. □ 

Now we denote XpiKijKi) by Xx^Ki). 

Remark 2.5. Let KU Ki be an oriented link, Ki{2, 1) the (2, l)-cable knot of Ki. Since 
\k{K, Ki{2, 1)) is even, we can define 

AK(i^i) = |A^(iri(2,l)). 
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Note that \k{Ki) = \k{Ki) if \k{K, Ki) is even. Let K U Ki U ■■■ U Km he an {m + 1)- 
component oriented link. Then we define 

m 

\k{K^U ■ ■ - U Km) = Y,\K{Ki). 

i=l 

Thus we have an invariant for oriented hnks. □ 

Proof of Theorem 2.3. Let F be an unoriented surface bounded by K with F fl 
{Ki U K2) = 0. Then we may assume that F is a surface as illustrated in Figure 4(a) or 
(b). Let be a curve in F as in Figure 4(a) or (b) {i = l,...,n). Then we may regard 
that (ai,...,a„) is a basis a of Hi{F). By we have that the double branched cover 
X2 is obtained from 5''^ by Dehn surgery along an framed oriented link Ji U ■ ■ • U J„ with 
lk(Jj, Jj) = lk(aj, raj) for any i ^ j and with the framing of J, is equal to lk(ai, raj) for any i. 
By the constraction, we note that Kn U K21 U K12 U K22 is in the complement of the framed 
link in S^, \ks3{Kik, Kji) = 6kilks3{Ki, Kj) and 

(\ks3{Kik, Ji), \ks3{Kik, Jn)) = 
By Corollary 1.2, we have the conclusion. □ 




(a) (b) 

Figure 4 

3. Cyclic branched cover of 

Let K U Ki U ■ ■ ■ U Km be an (m + l)-component oriented link and F and F' Seifert 
surfaces of K that donot intersect i^i U ■ ■ ■ U Km- These two surfaces are S -equivalent rel. 



r v^{Ki) iik = i 

\ -V^{K,) i{k = 2. 



12 



KlU- ■ - UKm if they are transposed into each other by the following operations; (1) attaching 
a hollow orientable 1-handle (1-surgery), and (2) deleting a hollow 1-handle (0-surgery), where 
these operations can be done in the complement of i^'i U ■ ■ ■ U K^- 

By the argument similar to that in the proof of Proposition 2.1, we have the following 
theorem. 

Proposition 3.1. Let K U KiU ■ ■ - U Km {itl > 1) be an oriented {m + l)-component link 
with lk(i^', i^j) = for any i{= l,...,m). Let F and F' be Seifert surfaces of K that donot 
intersect to KiU ■ ■ ■ U Km- If F and F' are S-equivalent rel. Ki U Kj, then XpiKi, Kj; uj) = 
XFiK,,Kf,uj), XF{K,,K.j){t) = XFiK,,Kj){t) and xf'\K,,K,) = xP\k,,K,). □ 

This theorem implies that XpiKi, Kf tu), XF{Ki, Kj){t) and Xp'^\Ki, Kj) are independent 
of the choice of a basis of Hi{F). 

Let K U KiU K2 be an oriented 3-component link with lk{K, Ki) = (i = 1, 2). Let F be 
a Seifert surface of K with F fl {Ki U K2) = 0. By |]ll], we may assume that the j9-fold cyclic 
cover Xp of branched over K is obtained from p copies Mi, ...,Mp of by identifying 
F X [0, 1] C Mi and F x [-1, 0] C M^+i suitably {i = 1, - 1), where F x {0} = F. Let 
Kik and K2k be the preimages in {k = 1, ...,p) of Ki and K2 respectively. 

Theorem 3.2. For any i,j,kj {{i,k) ^ (jj)), 
lkx^{K,k, K,i) - (1 - 5,,)5kiHK,, K,) 



-X 



{K,,K,) + Xp 
(k,i-i) 



{k-l,l) 



+Xf'-'>{K,,K,)-Xp'\K,,K 



X 



(1,1-1) 



{k„k,)-x'^^''\k„k 



(k-l,p-l) 



-X'^^''\k„Kj 
-X^r'''~"iK,,K, 



{K,,K^) + Xp''-'\Ki,K 



X 



(i.p-i) 



iK,,Kj 



Proof. Let F be a Seifert surface of K with Fn (Ki Ui^a) 



if2<A;</<p-l, 
if = 1, 2 < / < p - 1, 
if 2 < /c <p - 1, l = p, 
iik = l = l, 
if k = I = p, 
a k = 1, I = p. 

Then we may assume that 



F is a surface as illustrated in Figure 4(a). Let be a curve in F as in Figure 4(a) 



,n). 
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Then we may regard that (ai, a„) is a basis a of Hi{F). Let Ma be a Seifert matrix with 
respect to a. By [|l|, we have that the p-fold cychc branched cover Xp is obtained from by 
Dehn surgery along an framed oriented hnk Jn U ■ ■ ■ U J„i U ■ ■ ■ U ^i(p-i) U • ■ ■ U Jn{p-i) with the 
hnking matrix is equal to Mp^^- By the constraction, we note that Ku U K21 U • • ■ U Kip U K2p 
is in the complement of the framed link in S^, lks3{Kik, Kji) = 6ki\ks3{Ki, Kj) and 

{\ks3{Kik, Jii), ...,\ks3{Kik, Jni), ^ks3{Kik, Ji(p_i)), \ks3{Kik, Jn{p-i))) 

r Vp]am if = 1 

[ -Vp'-\K,) + Vp'jK,) if2<k<p-l. 

By Corollary 1.2, we have the conclusion. □ 

4. Infinite cyclic cover of the complement of a knot 

Theorem 4.1. Let K U Ki U K2 be an oriented link with \k{K, Ki) = \k{K, K2) = and 
F a Seifert surface of K with F fl {Ki U K2) = 0. Let {Xoo,p) be the infinite cyclic cover of 
the complement of K , Fq a component ofp^^{F), and Kik a component ofp^^{K.j) contained 
in a subspace hounded by t^Fq and t^^^Fq (i = 1,2, A; G Z). Then 

\kx^{K^k. K2k) - lk(iri, K2) = (1 - t)\F{Ki, K2){t). 

Here t is a covering translation that shifts X^o along the positive direction of p~^{F). 

Take a parallel copy K[ of in with lk(_ft'j, K'^ = 0. Then we have Ikx^^Kik, K[i?) = 
(1 - t)XF{Ki,Kl){t) = (1 - t)XF{Ki,Ki){t). Meanwhile we note that lkx^(r™Kifc, r^i^sfc) = 
t'^-"lkx^(fs:ifc, K2k) = t'"~"((l - t)\FiKi, K2){t) + \k{Ki, K2)). Hence we have the following 
corollary. 

Corollary 4.2. 

(1) XF{Ki, Ki){t) is an invariant of K U Ki and so is XF{Ki, Ki]uj) . 

(2) (1 — t)XF{Ki, K2){t) + ]k{Ki^ K2) is an invariant of K U KiU K2 up to multiplication 
byt^"". a 
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Remarks 4.3. (1) As we mentioned in Introduction, for a parallel copy K[ of Ki with 
]k{Ki^K'j) = 0, the linking pairing lkx^{Ki, K^) is called Kojima-Yamazaki's r^-function 
ri{K,Ki;t). Thus ri{K,Ki]t) = (1 — t)\p{Ki, Ki)(t), and hence Xp{Ki,Ki){t) is a topo- 
logical concordance invariant. A different way to calculate the value of Kojima-Yamazaki's 
r^-function was given in 0. 

(2) By the argument similar to that in |Tl|, Proof of Theorem 2], we see that Ikx^o {Kik, i^2fc) (= 
(1 — t)Xp{Ki, K2){t) + lk(fri, K2)) is a topological concordance invariant oi K U KiU K2 up 
to multiplication by 

Let \K{Ki){t) and \K{Ki]uj) denote Xp^Ki, Ki)(t) and \p{Ki, Ki]uj) respectively. Note 
that XK{Ki){jlj) = {uj — \)\K{Ki; oj). 

Remark 4.4. For an oriented 2-component link K U Ki and for the untwisted double 
Ki{2) of Ki, we define 

T (KMf^-i MKim iflk(ir,iri) = 0, 
AKi^^iRi) I Xj,{Ki{2)){t) otherwise. 

For an (m + l)-component oriented link K U KiU ■ ■ ■ U K^, we define 

m 

Xk{K, U ■ ■ ■ U K„)(t) = Y,MKi)it). 

i=l 

Hence we have an invariant for oriented links. □ 

By the definition of the linking pairing, we have the following lemma. 

Lemma 4.5. Let X^o be the infinite cyclic cover of the complement of a knot and KUKiU 
■■■UKm {resp. K U K[U ■ ■ - U K'^) an oriented {m + 1)- component { resp. (n + l)- component) 
link in X^o- If there is a 2-chain F such that dF = KiU ■ ■ ■ U KmU {-K[) U ■ ■ ■ U {-K'^), 
then \kx^ {K,KiU---U K^) = fk^^ {K, K[U ■ ■ -U K'„) + K ■ F and fkx^ {K^U ■ ■ -U K„,, K) = 
fkx^ {K[VJ---VJK'^^,K)+K ■ F. Here fk^^ (iT, i^i U ■ • ■ U K^) = YZi l^x^ K^) and 
fkx^ {K,yj---VJK^,K) = YZi Ikx^ {K,, K) . □ 

*U. Kaiser pointed out that the invariant Ikjfj^ (i^ife, -ft^2fe) was given by U. Dahlmeier 
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Let X be a knot and F a Seifert surface of K. We may assume that F is a surface as 
illustrated in Figure 4(a). Let 0,1 , . . . , Ctrl 

be curves as in Figure 4(a) and M = {rriij) the Seifert 
matrix of F with respect to a basis [oi], [a„]. Take curves bi, ...jbn so that lk(aj,6j) = 6ij 
for any i,j as illustrated in Figure 4(a). Then we have the following lemma. 

Lemma 4.6. Let {Xoo,p) be the infinite cyclic cover of the complement of K, Fq a 
component of p~^{F), and bik « component of p~^{bi) contained in a subspace bounded by 
t^Fq and t'^'^^Fq {i — l,...,n, A; e Z). Then ykxoo{bik,bjk) is equal to the {i,j)-entry of 
{l-t){tM-M'^)-\ 

Proof. We denote by t both a covering translation and a unit of Z[t,t~^] since it is 
well-known that there is natural correspondence between them. Take curves a^, so that 
lk(a^, bj) — lk(a^, bj) — for any i, j. Then is homologous to lk(a^, ai)6i-|-- • -|-lk(a^, a„)6„ 

and a~ is homologous to lk(a~, ai)6i H |-lk(a~, a„)&„. Moreover there are surfaces E'l and 

El' that realize these homologous such that E^ HF — E~r\F — $ and E^ (resp. E~) is 
bounded by —af (resp. a~) and some copies of 6/s {j — 1, ...,n). Then we have 



M 



V [bn] ) 



M 



T 



Let Ai = aiX [—1, 1] be an annulus in with dAi = ±aj x {±1} = ±af and Aik a component 
of p~^{A) with Aik n t'^'^^Fo ^ 0. Then we have dAik = ta^j^ — a,^., where is a component 
of p~^{af) contained in a subspace between t^FQ and t^^^F^. Let E^j^ (resp. E^^^ be a 
component ol p~^{E^) (resp. p~^{El)) contained in a subspace between t^FQ and t^^^FQ. 
Let Bik ^E'Li Aik U tE+. Then 

/ [dB,k] \ ( [b^k] 

= {tM - M^) 



\ [dB^k] J 



\ [b. 



nkl 



Set G{t) — tM — M^. Since G{t) is nonsingular, we have 





( [dB^k] 


\ 




( [bik] 


\ 


det{G{t))G{t)-^ 






= det{G{t)) 








\ [dBnk] 


) 




\ [bnk] 


J 
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Set det{G{t))G{t)~^ = (kjit)). Since the boundary of each Bik is a disjoint union of some 
copies of bjkS and tbjkS (j = 1, n), lii{t)Bik U • • - UlinifyBnk is a 2-chain of which boundary 
is a disjoint union of f^bj^s {s G Z, j = 1, ...,n). Hence we have 

d{la{t)Bik U • • • U lin{t)Bnk) = {det{G{t))bik) U |J Cijs{fbjk U {-t'bjk))- 

l<3<n,s& 

Note that IJi<j<n sgz bounds a disjoint union A of embedded annuh in 

^oo - P'^{F). Since Bik ■ bjk = Aik ■ bjk = ^ij, ■ t^jk = Ak ■ tbjk = Sij and Bik ■ t^'bjk = 
for any i,j and 0, 1), we have 

_ ^ t'{{A U lii{t)Bik U • • • U /in(O^nfc) • _ (1 - t)hj{t) 

iKx^[o,k,o,k) 2^ det{G{t)) ~ det{G{t)) ' 

This completes the proof. □ 

Proof of Theorem 4.1. It is not hard to see that there is a 2-component hnk Ki U K2 
in - F such that K2 and -K2 cobound a surface Eq in - F and \k{Ki U K2) = 0. Let 
Eok (resp. Kl^k) be a component of p~^(£'o) (resp. p~^{K2)) contained in a subspace between 
r'^Fo and t'^+^Fq. Then, by Lemma 4.5, we have 

lkx^{K,k,K2k) = \]^x^{K^k,K'2k)+K^k-Eok 
= \kx^{K,k.K'2k)+K^-E^ 
= \kx^{K,k.K'2k)+HK,,K2). 

Let El (resp. E2) be a Seifert surface of f^i (resp. K'2) in S*^ such that EiClKI^ = Ki{~\E2 = 
and El U i?2 intersects F as ilhistrated in Figure 5. Let N[F) be a small neighborhood of 
F and E° — Ep — intiV(F) {p = 1,2). Let E°j^ be a component of p"^(£p) contained in a 
subspace between t'^Fq and t'^+^Fq. We note that 

n 

dElk = i^ife U |J(-lk(i^i, ai)bik U U i-Cibik)), 
1=1 

and 

n 

dE^k = ^2ifc U |J(-lk(is:^, ai)bik U U i-dibik)). 

i=l 
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By Lemma 4.5, we have 

Ikx^iKik, K'^k) = Ikx^ ^|J(lk(Ki, ai)bik U (-dbik) U akk), K'^k 

n 
i=l 



^\k{Ki, ai)\kx^ bik, [J{\k{K'2, 0'j)bjk U {-dibjk) U dibjk) 



i=i \ j=i 

n n 



i=i j=i 
Combining this and Lemma 4.6, we have 

Since XF{Ki,K2m = Xf{K,, K!,){t) and \kxjK,k,K2k) = \kxjKik,K!,,)+\k{Ki,K2), we 
have the required result. □ 




Ep Ml 

Figure 5 

5. Connections between Xk and signatures 

Let if be a knot and D a disk intersecting K transversely in its interior with |if ni5| = 2. 
Performing 1 / ra-Dehn surgery along dD, we obtain a new knot Kn- Note that if lk{dD, K) = 
(resp. 7^ 0) K±i (resp. K^i) is obtained from K by changing a =l=-crossing into a ±-crossing. 



Then we have the following two theorems. These results were partially shown by Lee |13 



1^ . We modify his proofs. 

Theorem 5.1. Iflk(dD,K) = 0, then the following hold. 



18 



(1) n{l — u){l — uj)XK{dD;uj) ^ 1 and XK{dD,uj) is a real number. 

(2) (T^{Kn) = a^{K) — 2n/\n\ {resp. = a^{K)) ifandonlyifn{l—uj){l — uj)\K{dD;uj)>l 
( resp. < 1). 



(3) n{l - uj){l - uj)\K{dD- uj) = -Vk„(v^|1 - cu|)/V^(v^|l - uj\) + 1. 

(4) n{t-l)\K{dD){t)^l. 

(5) A;^^(t) is equal to {l—n{t—l)XK{dD){t))AK{t) up to multiplication by a unit ofZ[t,t~^]. 

Here cr^ is the Tristram- Levine signature P2|, Vk{z) is the Conway polynomial, and A^it) 
is the Alexander polynomial. 

By combining (2) and (3) in the theorem above, we have the following corollary. 

Corollary 5.2. Suppose lk{dD, K) = 0. Thena^{Kn) = a^{K)-2n/\n\ {resp. = a^{K)) 
zf and only if VK^{^/^\l-uJ\)/V k{\^\1-uj\) <0 { resp. > 0). □ 

Remark 5.3. Note that a corossing change of a knot K is realized by ±l-surgery along 
the boundary of disk D with li^TlZ^I =2 and lk{dD, K) = 0. By the corollary above and the 
induction on the unknotting number of a knot, we have that V_ft:(-\/— 1|1 —uj\] 



-11- 



uj\)\ = v-r^""' for any knot K. This implies that a^{K) ^ if Vi^(V^|l - < 0. □ 
Theorem 5.4. 

(1) 2n\K{dD) ^ 1. 

(2) a{Kn) = (x{K) -2n/\n\ +n\\k{dD,K)\ {resp. = a{K) + n\\k{dD,K)\) if and only if 
2n\K{dD) > 1 { resp. < 1). 



Here a{= cr-i) is the signature of a knot in the usual sense ||2^, [jT7 



Proof of Theorem 5.1. We note that there ia a Seifert surface F of K with F fl D is an 
arc as illustrated in Figure 6(a). We constract a Seifert surface F' of Kn from F as illsutrated 
in Figure 6. Let a be a basis of Hi{F). Let a and h be cycles as illustrated in Figure 6. We 
may assume that (3 = {a, b, a) is a basis of Hi{F'). 
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Then we have 



/ 

1-u 



1-uJ 
-n{l - cJ){l - uj) 




e{l-uj)V^{dD) \ 




e{l - u;)V^{dDf 



G 



a,u! 



\ 



where e = 1 or = — 1. This matrix is congruent to 



G' 



I3,u> 



1/n 






-n{l-u;){l-u;) 




e{l-U)Va{dD) \ 


Ga,u) 



\ 



Let 



/I -e{l-uJ)V^idD)G-i \ 



U 



1 






Then we have 



UG-,lU 



( l/n-{l-uj){l-uj)XK{dD-uj) 

-n{l-u){l-u) 





V 















G. 



a,u! 



\ 




/ 



Thus XK{dD,u) is a real number. Since this matrix is nonsingular, Ax(5D;a;) ^ l/n(l — 
uJ){l — cu). Moreover 



cruj{Kn) = sign 
This imphes (1) and (2). 



1/n- {l-oJ)(l- u;)XK(dD;u;) 

-n{l - cJ){l - uj) 



20 



Since (4) follows directly from (5), we shall prove (5). By the argument similar to that in 
the above, we have 



\Gp{t)\ 







t etVcidD) 
-n{t-l) ••• 




T 







-t/n{t-l)+tXKidD){t) 









Ga{t) 



••• 

-n{t-l) ••• 




Gait) 







= t{l-n{t-l)XK{dD){t))\Ga{t)\. 

Thus we have (5). 

In the proof of (5), replace Gait) and Gpit) with t~^Ma — tM'^ and t~^Mp — tMj respec- 
tively. By the argument similar to that in the proof of (5), we have 

^K^{t) = (1 - n{t-' - t)Va{dD){r^Ma - tMl)-^Va{dDf)nK{t), 

where Q^l^) = \t~^Ma - iMj|. Put t = V^(l - - uj\. Then we have 

^(l-a;)\ ^.^ /v^(l-cu) 



= {I - n{l - uj){l -uj)\K{dD-uj))VtK 



\l-uj\ 

Since ^Kif) = ^ xii ~ t~^)-i we have 

V;^„(a/=T|1 - a;|) = (1 - n(l - - u)\K{dD- a;))VK(^|l 

The fact that Ga,Lj{— (1 — uJ)Ma + (1 — is nonsingular implies Vif(-\/^|l — a;|) = 

1(1 ~ <^)/|l ~ 7^ 0. Hence we have 

nil - - UJ)XK{dD; u) ^ - Y.^".^^'.^ ' "^'^ + 1. 



This completes the proof. □ 



Vi^(v^|l-u;|) 
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F 



D 



-(2n+l)-half 
twists 





(a) 



Figure 6 



Proof of Theorem 5.4. Let F, F', a and (3 be the same as in the proof of Theorem 5.1. 
The only difference is that the surfaces are not necessarily orientable. Then we have 



G 



/3,uj 





1 



1 eVaidD) \ 
-In ••• 




V 



/ 



By the argument similar to that in the proof of Theorem 5.1, this matrix is congruent to 



/ \l2n-\K{dD) 
-2n 





0\ 





\ 





Since this matrix is nonsingular, XxidD) ^ l/2n. Moreover 

l/2n - \KidD) 



a{Kn) = sign 







2^ ^ + sign(G,) + -e(F') 



where e(F') is the normal Euler number oi F' [Q. Since e(F') = e(F) + 2n\]k{dD,K)\, 

sign(G'J + ^e(FO = a{K) + n\\^dD,K)\. 



This completes the proof. □ 
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